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Abstract
The ψ-direct sum of Banach spaces is strictly convex (respectively, uniformly convex, locally uni-
formly convex, uniformly convex in every direction) if each of the Banach spaces are strictly convex
(respectively, uniformly convex, locally uniformly convex, uniformly convex in every direction) and
the corresponding ψ-norm is strictly convex.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
In a recent series of papers [7,9,11], Kato, Saito et al. study absolute normalized norms
on C2. A norm ‖ · ‖ on C2 is said to be absolute if ‖(z,w)‖ = ‖(|z|, |w|)‖ for all z,w ∈C
and normalized if ‖(1,0)‖ = ‖(0,1)‖ = 1. An absolute normalized norm on C2 is a norm
that is both absolute and normalized. The collection of all absolute normalized norms on
C2 is denoted by Na . Let Ψ denote the collection of all continuous convex functions ψ
on [0,1] with ψ(0) = ψ(1) = 1 and max{1 − t, t}  ψ(t)  1 for all 0  t  1. Bonsall
and Duncan [1] showed that Na and Ψ are in one-to-one correspondence. In particular, if
‖ · ‖ ∈Na , then ψ(t)= ‖(1− t, t)‖ for all 0 t  1 defines an element of Ψ . On the other
hand, if ψ ∈ Ψ , then we can define a norm ‖ · ‖ψ by
∥∥(z,w)∥∥
ψ
=
{
(|z| + |w|)ψ( |w||z|+|w|) if (z,w) = (0,0),
0 if (z,w)= (0,0).
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if ψ ∈ Ψ , then ‖ · ‖ψ is strictly convex if and only if ψ is a strictly convex function on
[0,1] (that is, for any s, t ∈ [0,1] with s = t , and for any 0 < c < 1, ψ((1 − c)s + ct) <
(1− c)ψ(s)+ cψ(t)).
If X and Y are Banach spaces and ψ ∈Ψ , we can define the ψ-direct sum of X and Y ,
X⊕ψ Y , by∥∥(x, y)∥∥
ψ
= ∥∥(‖x‖,‖y‖)∥∥
ψ
for all (x, y) ∈X⊕ Y.
This concept of the ψ-direct sum of Banach spaces was introduced in [11] where the
authors show that the Banach space X ⊕ψ Y is strictly convex if and only if the Banach
spaces X and Y are strictly convex and the function ψ ∈Ψ is also strictly convex. Building
on this result, Saito and Kato [7] proved that X⊕ψ Y is uniformly convex if X and Y are
uniformly convex and ψ is strictly convex.
Saito et al. [8] studied absolute normalized norms on Cn, and proved that set of all
absolute normalized norms on Cn is in one-to-one correspondence with the set Ψn of all
continuous convex functions on∆n with some suitable conditions, where ∆n is the (n−1)-
simplex, {(s1, . . . , sn−1) ∈ Rn−1+ : s1 + s2 + · · · + sn−1  1}. In particular, they show that
if ψ ∈ Ψn, then the associated norm ‖ · ‖ψ is strictly convex if and only if ψ is a strictly
convex function on ∆n (see [8] for details). In an obvious manner, if X1,X2, . . . ,Xn are
Banach spaces and ψ ∈ Ψn, then the ψ-direct sum (X1 ⊕X2 ⊕ · · · ⊕Xn)ψ is the direct
sum of X1,X2, . . . ,Xn equipped with the norm∥∥(x1, x2, . . . , xn)∥∥ψ =
∥∥(‖x1‖,‖x2‖, . . . ,‖xn‖)∥∥ψ with xi ∈Xi for 1 i  n.
Kato et al. [5] prove that (X1 ⊕ X2 ⊕ · · · ⊕ Xn)ψ is strictly convex (respectively,
uniformly convex, locally uniformly convex) if and only if each Xi is strictly convex (re-
spectively, uniformly convex, locally uniformly convex) and ψ is strictly convex.
The aim of this short note is to show that these results fall into a larger framework
developed by Day [3] more than sixty years ago. We also show that in this framework of
Day, (X1 ⊕X2 ⊕ · · ·⊕Xn)ψ is uniformly convex in every direction if and only if each Xi
is uniformly convex in every direction and ψ is strictly convex.
2. Preliminaries and results
We begin with some preliminary terminology that can be found in Day’s book [4, p. 35].
A full function space X on an index set S is a Banach space of real or complex valued
functions on S such that, for each element f in X and each function g on S such that
|g(s)|  |f (s)| it follows that g lies in X and ‖g‖X  ‖f ‖X . Let X be a full function
space on S and let {Bs : s ∈ S} be a family of Banach spaces. The substitution space,
PXBs , of the family {Bs : s ∈ S} in X is the Banach space of functions x on S such that
x(s) lies in Bs for each element s in S and the function s → x(s) lies in X. If x ∈ PXBs ,
then the norm of x is defined by
‖x‖PXBs =
∥∥∥∥x(s)∥∥
Bs
∥∥
X
.
The following result summarizes some of the known convexity results for substitution
spaces.
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spaces.
(1) PXBs is strictly convex if X and each of the Banach spaces Bs are strictly convex.
(2) PXBs is uniformly convex if X and each of the Banach spaces Bs are uniformly convex
with a common modulus of convexity.
(3) PXBs is locally uniformly convex if X and each of the Banach spaces Bs are locally
uniformly convex.
(4) PXBs is uniformly convex in every direction if X and each of the Banach spaces Bs
are uniformly convex in every direction and X has compact order intervals.
Remark 1. Part (1) of Theorem 1 is a folklore result. Part (2) was proved by Day [3].
Part (3) was proved by Lovaglia and appears in [6]. Part (4) was proved by Smith [10].
We will now consider a special type of substitution space that was used by Bu et al.
[2] to analyze Radon–Nikodym properties of the projective tensor product of Banach
spaces [2]. Let U be a Banach space with a normalized 1-unconditional basis (ei)i . The
1-unconditionality means that for all n ∈ N, and scalars a1, a2, . . . , an and s1, s2, . . . , sn
with |si | = 1 for each 1  i  n, ‖∑ni=1 siaiei‖  ‖∑ni=1 aiei‖. From this it is easy
to show that for each n ∈ N, ‖∑ni=1 aiei‖  ‖∑ni=1 biei‖ whenever a1, a2, . . . , an and
b1, b2, . . . , bn are scalars with |ai | |bi | for each 1  i  n. This means that U is a full
function space over the index set N. For a sequence (Xi)i of Banach spaces, define
U(Xi)=
{
x¯ = (xi)i : xi ∈Xi,
∑
i
‖xi‖ei converges in U
}
,
and define the norm on U(Xi) by
‖x¯‖U(Xi) =
∥∥∥∥
∑
i
‖xi‖ei
∥∥∥∥
U
.
In the language of Day, U(Xi) is the substitution space of (Xi)i in U . Note that since
(ei)i is a normalized basis, U(Xi) contains isometric copies of each Xi . It is also easily
seen that U(Xi) contains U isometrically. Consequently, Theorem 1 yields the following
result.
Corollary 2. Let U be a Banach space with a normalized 1-unconditional basis (ei)i . Let
(Xi)i be a sequence of Banach spaces.
(1) U(Xi) is strictly convex if and only if U and each of the Banach spaces Xi are strictly
convex.
(2) U(Xi) is uniformly convex if and only if U and each of the Banach spaces Xi are
uniformly convex with a common modulus of convexity.
(3) U(Xi) is locally uniformly convex if and only if U and each of the Banach spaces Xi
are locally uniformly convex.
(4) U(Xi) is uniformly convex in every direction if and only if U and each of the Banach
spaces Xi are uniformly convex in every direction and U has compact order intervals.
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associated norm, ‖ · ‖ψ is an absolute normalized norm on Cn. Consequently, the canon-
ical basis, (ei)i , on Cn is a normalized 1-unconditional basis in the ψ-norm, ‖ · ‖ψ . If
X1,X2, . . . ,Xn are Banach spaces, then the ψ-direct sum (X1 ⊕X2 ⊕ · · · ⊕Xn)ψ is the
space U(Xi), where U = Cn, equipped with the norm ‖ · ‖ψ , and (ei)i is the canonical
basis on Cn.
By [8], (Cn,‖ · ‖ψ) is strictly convex if and only if ψ is a strictly convex function. Since
Cn is finite dimensional, (Cn,‖ · ‖ψ) is uniformly convex whenever it is strictly convex.
Also, by finite dimensionality, order intervals are compact in (Cn,‖ · ‖ψ). Putting these
observations together, along with Corollary 2, we obtain the following result.
Corollary 3. Let X1,X2, . . . ,Xn be Banach spaces and let ψ ∈ Ψn. Then
(1) (X1 ⊕ X2 ⊕ · · · ⊕ Xn)ψ is strictly convex if and only if X1,X2, . . . ,Xn are strictly
convex and ψ is strictly convex.
(2) (X1⊕X2⊕· · ·⊕Xn)ψ is uniformly convex if and only if X1,X2, . . . ,Xn are uniformly
convex and ψ is strictly convex.
(3) (X1 ⊕X2 ⊕ · · · ⊕Xn)ψ is locally uniformly convex if and only if X1,X2, . . . ,Xn are
locally uniformly convex and ψ is strictly convex.
(4) (X1 ⊕ X2 ⊕ · · · ⊕ Xn)ψ is uniformly convex in every direction if and only if
X1,X2, . . . ,Xn are uniformly convex in every direction and ψ is strictly convex.
Remark 2. Parts (1) and (2) of Corollary 3 were proved by Takahashi et al. [11] for the
case n = 2 and proved in the general case by Kato et al. in [5]. Part (3) was also proved
in [5]. Part (4) is a new result.
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